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 Efforts to build teachers’ capacities to teach mathematics ought to be related to the 

improvement of student learning.  It is a goal of the Math in the Middle Institute Partnership 

(M
2
)

  to examine the link between increasing teachers’ capacity through professional 

development and raising the level of student achievement.  There are a number of other 

researchers who have pursued similar lines of inquiry (Cohen & Hill, 2000; Desimone, Porter, 

Garet Yoon, & Beirman, 2002; Swanson & Stevenson, 2002).  This project faces the unique 

challenge of trying to study change in student learning as a result of professional development 

offered through the Math in the Middle Institute Partnership to 96 Nebraska teachers spread 

across more than 77,000 square miles, teaching in 47 different school districts and 67 different 

schools in a context where there exists no common statewide assessment system.   This study 

presents preliminary findings from one small part of the Math in the Middle Institute 

Partnership’s large research agenda, the Math in the Middle Institute Partnership’s initial efforts 

to create and administer a common assessment to the middle schools students of the Math in the 

Middle teacher participants.  The study includes both quantitative and qualitative analyses of the 

variation with students’ responses to the assessment given in Fall 2005 as well as a critique of 

the math problems themselves. 

 
The Math in the Middle Institute Partnership as a Professional Development Opportunity 

The Math in the Middle Institute Partnership is a National Science Foundation funded 

project designed to improve grades 5-8 middle level students’ mathematics achievement by 

increasing middle level teachers’ mathematical and pedagogical capacities and creating 

sustainable partnerships between the University of Nebraska-Lincoln, regional Educational 

Service Units (ESUs), and local school districts.  These partnerships are designed to educate and 

support teams of outstanding middle level mathematics teachers who will become intellectual 
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leaders in their schools, districts, and ESUs.  M
2
 is particularly committed to improving the 

capacity of rural teachers, schools, and districts.  We are currently working with 96 teachers 

across three cohorts, including 32 teachers in the Middleview Public Schools and 64 teachers 

from communities spanning rural Nebraska.  The 64 rural teachers teach in 45 different school 

districts and 51 different schools.  A fourth cohort of approximately 30 Nebraska teachers, 

primarily rural, will begin in Summer 2007.  M
2
 activities began for the first cohort in Fall 2004 

and will continue with a fourth cohort through Summer 2009. 

 The M
2
 Institute is composed of 12 courses, including 8 math courses and 4 pedagogy 

courses. Together these are designed to enhance teachers’ mathematical content knowledge for 

teaching (Hill & Ball, 2004) and leadership skills (Hargreaves & Fink, 2006; Ryan, 2006). These 

36 hours of academic credit are acquired through a combination of three intensive summer 

institutes and two academic school year sets of courses.  See Appendix A for a descriptive list of 

the courses.  Math in the Middle teachers also participate in Learning Teams to cultivate 

collegiality, align teaching with national and state standards, translate what is being learned in 

the Institute into classroom practice, and examine instructional and assessment practices. M
2
 

staff help organize and lead learning team meetings with the long term goal of every M
2 
graduate 

becoming a teacher leader capable of forming future mathematics learning teams with school and 

district colleagues.  

As a cohort of lead teachers become “graduates” of the Institute, support for the work of 

M2 lead teachers shifts to the local school districts (and ESUs, which will coordinate the efforts 

of smaller districts). Districts (and ESUs) commit to providing the teacher release time (and 

supplementary pay) necessary to support the lead teachers who organize mathematics learning 

teams. M2 has negotiated the expectation that teacher participants will impact peers who are not 
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themselves in the Institute as well as the students they teach.  There are currently multiple 

versions of learning teams underway within the Middleview Public Schools and among rural 

teachers.  Teachers are in roles as both leaders and participants and supported by UNL staff as 

well as district and school administrators. 

The Math in the Middle Institute Partnership Research Agenda 

 The Math in the Middle Institute Partnership has a large research agenda aimed at 

understanding teacher learning and the relationship between change in teaching practices and 

student achievement.  The research initiative focuses on two major questions: 

•What are the capacities of teachers to translate the mathematical knowledge and habits 

of mind acquired through the professional development opportunities of M
2
 into 

measurable changes in teaching practices? 

•To what extent do observable changes in mathematics teaching practice translate into 

measurable improvement in student performance? 

See Appendix B for a representation of the conceptual framework of the project, the variables 

being studied, and the data sources being used.
1
  We are pursuing these research questions and 

related sub-questions using mixed methods (Creswell, 2003). One main question focuses on 

teachers’ learning and capacities to translate mathematical content and mathematical ways of 

thinking into useable knowledge for teaching (Hill, Schilling & Ball, 2004).  A second question 

connects teaching practice to students’ learning and focuses on changes in student performance 

occurring over the period of time teachers are associated with the Math in the Middle Institute 

Partnership.  These questions focus our efforts on understanding the link between professional 

development of teachers and student achievement.  While these may seem to be obvious 

                                                
1  This model is adapted from Wilson’s (in progress) work on studying the nature and impact of 
professional development. 
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questions to be asking, little research to date has linked in-service teachers’ subject matter 

knowledge acquisition to student learning. Moreover, we are breaking new ground by seeking to 

understand the nature and influence of rural contexts on the process of teaching knowledge 

translation and implementation (Silver, 2003). 

 A complementary set of quantitative and qualitative instruments are being used to gather 

data on each main research question and related sub-questions [e.g., Learning Mathematics for 

Teaching Questionnaire (Hill & Ball, 2004); social network survey (Spillane, et al., 2004); 

teacher survey, teacher logs (Ball, et al., 1999).  Longitudinal extended observations of a subset 

of Math in the Middle teachers from each cohort are underway.  In relationship to the model 

represented in Appendix B, the study presented here focuses on a qualitative analysis (Glaser & 

Strauss, 1967; Schatzman & Strauss, 1973) of student learning, specifically students’ 

performance on an alternative assessment of students’ mathematical understanding based on our 

projects’ growing understanding and development of the construct, mathematical habits of mind.  

Preliminary findings from this study feature a description of the variation in students’ solutions 

as well as a critical look at the assessment items themselves. 

MATHEMATICAL HABITS OF MIND 

A major goal of the Math in the Middle Institute Partnership is to help teachers acquire 

the mathematical knowledge needed for teaching mathematics in meaningful ways to middle 

level students.  Drawing on distinctions similar to those made by Lampert (1990) regarding what 

is important mathematically for her fifth grade students to learn, one part of what teachers need 

to learn that is found in the M
2
 curriculum is what has been “conventionally called content” (p. 

34). This content includes the mathematical topics taught in the middle grades as well as the 
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more advanced mathematical ideas, for which middle school mathematics serves as a foundation 

(Conference Board of Mathematical Sciences (CBMS), 2001).   

Woven throughout the Math in the Middle Institute curriculum is attention to the process 

of doing mathematics and acquiring the mathematical habits of mind (CBMS, 2001) of a 

successful mathematical thinker.  “In recent years, mathematics educators and philosophers have 

convincingly argued that full understanding of mathematics consists of more than knowledge of 

mathematical concepts” (Stein, Grover, & Henningsen, 1996, p.456).  Complete understanding, 

argue Lakatos (1976), Kitcher (1984) and Schoenfeld (1992), includes, 

[t]he capacity to engage in the processes of mathematical thinking, in essence doing what 

makers and users of mathematics do:  framing and solving problems, looking for patterns, 

making conjectures, examining constraints, making inferences from data, abstracting, 

inventing, explaining, justifying, and challenging (Stein, Grover, & Henningsen, 1996, 

p.456) 

Our aim is to give teachers, as learners in the Institute, new experiences in “what it means to do 

mathematics, what counts as knowledge, how knowledge is represented and the kinds of 

activities that constitute legitimate mathematical work” (Lampert, 1990, p.34). 

Mathematical habits of mind is a phrase intended to represent an enriched view of what it 

means to do mathematics.  It is an attempt to begin to capture what expert mathematical problem 

solvers are able to do and something we want our teachers to acquire to increase their capacity to 

teach meaningful mathematics. Our project is not the first to use the phrase, “habits of mind,” in 

relationship to mathematics education (e.g., Driscoll, 1999; Cuoco, Goldenberg, & Mark, 1996).  

Wilson (2003) found evidence of the idea of mathematical habits of mind even earlier in a 1923 

report of The National Committee on Mathematical Requirements suggesting three major goals 
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of mathematics instruction, including one focused on habits of mind:  “Developing habits of 

mind that would improve students’ powers of understanding and analysis.” Schoenfeld (1985) 

studied mathematicians as problem solvers alongside the mathematical problem solving of 

college students.  The following are qualities he noticed in experienced mathematicians. 

[t]he faculty manage, somehow, to see what makes the problem tick, to retrieve or 

generate the facts they need, to come up with a variety of plausible directions for 

exploration where the students do not.  (p.3)  

The M
2 
Institute has as a goal of each of its mathematics courses to help teachers develop 

mathematical habits of mind as learners through their work with mathematicians on challenging 

tasks.  In turn, we want teachers to be able to support the development of mathematical habits of 

mind in their students, as represented by ideas about mathematical proficiency found in Adding It 

Up (National Research Council, 2001) and the processes of doing mathematics outlined in the 

Principles and Standards for School Mathematics (NCTM, 2000).  

We have borrowed ideas from the authors above to construct a M
2
 working definition of 

mathematical habits of mind.  We assume that someone with well-developed mathematical 

habits of mind exhibits all of the following traits of a good mathematical thinker, appropriately 

and at different times depending on the situation (Tishman, Jay & Perkins, 1993).  A person who 

is an effective mathematical thinker:    

• acquires and knows how to use mathematical skills and knowledge to make conjectures, 

reason, construct direct or indirect proofs, and solve problems; 

• believes in one’s own ability to solve problems; 

• exercises flexibility of thought; 

• makes connections between past knowledge and problems under consideration;  
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• analyzes a problem, collects appropriate information, finds pathways (often   

   multiple) to a solution, and clearly explains answer to others;  

• understands the meaning and effectiveness of algorithms;  

• uses precise mathematical language; 

• persists in pursuit of solutions to problems; 

• engages in meta-cognition by monitoring, evaluating, and reflecting on the  

   processes of conjecturing, reasoning, proving and problem solving 

These nine traits include “abilities, sensitivities, and inclinations” (ibid, p. 148).  The list is by no 

means exhaustive or complete.  It will continue to evolve as the professional development and 

research agendas of the Math in the Middle Institute Partnership make progress and we learn 

from experience. 

It is important to note that the construct of “habits of mind” is neither new to education 

nor unique to mathematics.  Dewey (1944) discussed the development of habits of mind as a goal 

for development in all learners.  Dewey was concerned with creating common intellectuals that 

had what he thought to be the required habits of mind to make a new society work. These are 

“modes of thought, of observation and reflection” (ibid.), including habits of “judging and 

reasoning” (Dewey, 1944, p.48).  In an effort to define “habit” he writes, “It means the formation 

of intellectual and emotional disposition as well as an increase in ease, economy, and efficiency 

of action” (ibid.).  He continues, “A habit also marks an intellectual disposition.  Where there is a 

habit there is acquaintance with the materials and equipment to which action is applied. There is 

a definite way of understanding the situations in which the habit operates” (ibid.).  

Modern day versions of habits of mind are perhaps most notably and vividly captured in 

the practical work of Meier (2002) and the theoretical and empiricial work of Perkins and his 
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colleagues (e.g., Tishman, Jay & Perkins, 1993) at Harvard’s Project Zero, a center at the 

Harvard Graduate School of Education whose mission is to understand and enhance learnng, 

thinking, and creativity in the humanities as well as scientific disciplines.  Meier is a progressive 

leader in educator who was the principal until the late 1990’s of Central Park East, a small, 

progressive, public high school in New York City.  Meier (1995) used the phrase to capture goals 

of the teaching practices of teachers in all subject areas.  Meier’s working definition of habits of 

mind has 5 distinct parts focused on questions to prompt particular kinds of thinking:  

[t]he question of evidence, or “How do we know what we know?”; the question of 

viewpoint in all its multiplicity, or “Who’s speaking?”;  the search for connections and 

patterns, or “What causes what?; the supposition, or “How might things have been 

different:; and finally, why any of it matters, or “Who cares?” (p. 50) 

According to Meier, to actually incorporate these habits of mind into teaching and learning 

requires a change in what and how one teaches.  She describes how these habits of mind are 

developed in learners by teachers at Central Park East. 

In order to make such “habits” habitual, they need in-depth practice…To do this we 

devote ourselves to covering less material, not more, and to developing standards that are 

no less tough and no less rigorous than those associated with traditional displays of 

academic excellence but sometimes different” (p. 50). 

Perkins and his colleagues have considered the dispositions of good thinkers, “[w]hat sets good 

thinkers apart is not simply superior cognitive ability or particular skills; rather it is their abiding 

tendencies to explore, inquire, seek clarity, take intellectual risks, and think critically and 

imaginatively” (Tishman, Jay & Perkins, 1993, p. 148).  These are qualities we aim to develop in 

M
2
 teachers, in tandem with the understanding of various mathematical topics, in an effort to 
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build teachers’ capacities as middle level mathematics teachers who are building middle level 

students’ mathematical competence in both content and process. 

What it means to cultivate mathematical habits of mind in learners through the curricula 

and teaching practices of the Institute as well as in middle grade mathematics classrooms is a 

major challenge for the project and in its infancy.  We are currently working to articulate the 

central qualities of mathematical habits of mind as they play out in the teaching of 

mathematicians within the Institute as well as in the math problems given to teacher participants. 

We are studying both the learning and teaching of M
2 
teachers to better understand the kinds of 

changes one might expect to see as the knowledge, skills, and dispositions central to these 

mathematical habits of mind are developing. Doing these further analyses will enable us to more 

clearly define what it is that we believe M
2 
teachers are having opportunities to learn thereby 

helping us to better articulate what we hope to see in their teaching practices and the learning of 

their students.  

An Alternative Assessment of Student Learning 

Studying students’ learning in the state of Nebraska poses unique challenge as there is no 

common state assessment of student performance in any subject area, including mathematics.  

State assessment of student achievement is based on locally designed assessment measures.  

Furthermore, during Fall 2004, our project collected the local assessments of all participating 

teachers and analyzed them in light of the NCTM (2000) content and process standards.  

Generally, we found a match between topics covered by the local standards and the NCTM 

content standards.  What we found lacking was a depth of understanding that would match the 

goals for mathematical understanding we hold for M2 teachers (CBMS, 2001) and the students 

they teach (NCTM, 2000). The independent nature of the assessments make it impossible to 
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aggregate data or do any kind of comparative analyses.  From substantive and methodological 

perspectives, the Nebraska local assessments are inadequate measures of student learning for the 

project’s research purposes.  

Methodology 

In an effort to meet the project’s need to understand student learning in relationship to the 

M2 Institute, we created an alternative assessment.  The alternative assessment items require 

students to think about a problem from multiple views, to provide a single or multiple 

representations for the problem at hand, and to communicate thinking effectively.  We borrowed 

problems from reform mathematics curricula and made adaptations.  Table 1 provides the source 

for each problem we used in Fall 2005 and the modified problems themselves are found in 

Appendix C.  Note that the problems are identified by grade level and, in fact, come from 

curriculum at the grade level below where we administered the test.  We did this based on the 

rationale that a beginning fifth grader is much more like a fourth grader, therefore, it seemed 

reasonable to draw from the previous grade as we built assessments to give at the beginning of a 

school year.   
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 Adapted from Primary NCTM 
Content Standard 

Addressed 

Other NCTM 
Content Standards 

Addressed 
4A:  Fun with 
Fractions 

Investigations (1998) Dale Seymour Publications:  
Menlo Park, CA; Different Shapes, Equal Pieces 
(Fractions and Area), pp 65 & 74, Student Sheet 5 
& 13 

Number and 
Operations 

Geometry 

4B:  Mrs. 
Lopez’s Dining 
Room Floor 

Everyday Mathematics (2002) SRA/McGraw-Hill: 
Chicago, IL; Assessment Handbook, pp 86, Unit 8   

Geometry Measurement & 
Number and 
Operations 

5A:  Tito and 
Luis Eat Pizza 

Investigations (1998) Dale Seymour Publications:  
Menlo Park, CA; Name That Portion, p. 155. 

Number and 
Operations 

 

5B:  Bake Sale 
Banner 

Math Trailblazers (1998) Kendall/Hunt Publishing 
Co.: Dubuque, IA; Rectangle Riddles p. 466 

Number and 
Operations 

Measurement & 
Geometry 

6A: Scratching 
Spots 

Connected Mathematics (2004) Needham, MA: 
Pearson; How Likely Is It? pp. 49-50, Problem 6.1 

Data Analysis and 
Probability 

Number and 
Operations 

6B:  Fencing a 
Yard 

Connected Mathematics (2004) Needham, MA: 
Pearson; Bits & Pieces II, p. 71 Problem 6.5 

Measurement  Number and 
Operations 

7A:  DVD Rental Connected Mathematics (2004) Needham, MA: 
Pearson; Variables and Patterns; pp. 43-44 #4 

Algebra Geometry, Number 
and Operations 

7B:  Carnival 
Spinner 

Connected Mathematics (2004) Needham, MA: 
Pearson; Comparing and Scaling, p. 75 #11 

Measurement  Geometry, Number 
and Operations 

Table 1 
Sources for Assessment Problems 

 
We gave two problems to each student in one math class of each of the M2 participants.  Our 

original research design was to give the tests twice a school year, once in the fall and once in the 

spring. To date, we have given pilot tests to the students of two teachers in Spring 2005, 

followed by a full administration of the test to one class of middle level students for each of the 

M2 participants in Fall 2005 and again in Spring 2006. The study presented here focuses only on 

findings from an analysis of the variation of students’ solutions in the Fall 2005 data and the 

strengths and limitations of the math problems, themselves, made visible through analyses of 

students’ work on the problems.  We proposed to analyze both Fall 2005 and Spring 2006 data, 

looking for evidence of student growth. However, as we analyzed the Fall 2005 data, we 

recognized there was important analysis to be done of the problems themselves.  Therefore, 
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analysis of Spring 2006 data as well as a comparison of Fall 2005 and Spring 2006 for evidence 

of student growth will be future work. 

Below is a table representing the number of teachers and students who participated in the 

assessment in Fall 2005. 

 Number of 
Teachers 

Number of 
Students 

Number of 
IRB forms 
returned  

Percent of 
returned IRB 

Grade 5 10 205 128 62% 
Grade 6 11 188 123 65% 
Grade 7 17 320 249 78% 
Grade 8 15 257 191 74% 
Total 53 970 691 71% 

 

Table 2 
Number of Teachers and Students in the Study 

 
The table represents the possible numbers of teachers and students as well as the actual numbers, 

with differences explained by the need for IRB parental permission to analyze a student’s data. 

 The students’ solutions, of those whose parents gave permission to be involved in the 

study, from Fall 2005 were analyzed in two ways.  Initially they were analyzed by a group of 

mathematicians, mathematics educators, and several classroom teachers using general and 

specific scoring rubrics developed by project staff based on the pilot data and modeled after the 

QUASAR Cognitive Assessment Instrument (Parke, Lane, Silver & Magone, 2003).  See 

Appendix D for a copy of the general rubric for all problems and the specific rubrics used for 

inidividual problems.   The students’ work on the problems were scored according to whether 

they had correct or incorrect answers, major or minor errors in the solution or logic of 

justification, and whether the student work showed minimal to major success in coming up with 

a correct solution and logical justification.  It was also possible for student work to receive no 

credit for solutions that appeared to have no mathematical value.  Additionally, in Appendix E is  

a guide created by the project for making judgments regarding rubric scores.  Three people 
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scored each problem.  If any two of the three scores for a paper differed by three or more points, 

the graders discussed their scores in hopes that one of them would change their score so no two 

scores differ by more than two points.  The average score for each paper was recorded. 

 A second analysis of the same data was done from a qualitative perspective (Glaser & 

Strauss, 1967; Schatzman & Strauss, 1973).  This analysis focused on looking for patterns and 

themes in students’ solutions and justifications. This led to an analysis of patterns and themes 

within the problems themselves when seen through from the perspective of the students’ work 

the problems prompted.  These analyses align with Lampert’s (1990) way of looking at the work 

of her students.  “Students’ strategies yield answers to teachers’ questions, but the solution is 

more than the answer just as the problem is more than the question” (Lampert, 1990. p.40).  Our 

goal was to look broadly at answers to better understand the nature of solutions and to look 

deeply at problems to see what kinds of opportunities they afforded students.  

 Two project research assistants independently examined all students’ solutions, making 

noting variations and commonalities in strategies used, represented, and communicated by 

students to solve each problem.  The two researchers met and shared observations, working 

together to identify themes and categories in students’ solutions based on their individual 

analyses.  See Appendix F for the chart containing coding categories for each problem at each 

grade level generated by this initial analysis.  The researchers individually recoded the same two 

sets of solutions for each grade level, with “set” defined by a teacher and her students, as a 

means of checking reliability of codes using the agreed on categories emerging from the initial 

analysis.  The researchers met and discussed discrepancies, further defining the meaning of the 

codes.  One researcher recoded the remaining solutions according to the agreed upon categories.  

In using the categories, the researcher indicated the quality of the degree to which a feature of the 
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students’ work fit into a particular category using qualifiers of exemplary, satisfactory, and 

limited.  In instances where it was unreasonable to think about a category in terms of degree 

because it was either present or not, Yes or No was indicated. 

Findings and Interpretations 

 The findings from these analyses are presented below.  First, the quantitative findings 

from the rubric scoring of the students’ responses are presented.  Patterns within the results of 

this analysis are noted.  This is followed by the preliminary findings from the qualitative study of 

the students’ responses as well as an analysis of the problems themselves.  Patterns and themes 

across the responses as well as the problems are discussed. 

Preliminary Results from Rubric Scoring 

 Based on the rubric scoring of students’ solutions, the following represent the results of 

the Fall 2005 assessment. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 3 
Fall 2005 Rubric Scoring Results  

 

Generally, students made minimal progress in solving the problems.  They made major errors in 

their solutions as well as their justifications.  This is not too surprising.  It was quite early in the 

Fall 2005 
 

Number of 
Students 

Average 
Score 

Standard 
Deviation 

5th Grade 128   

Fun with Fractions  1.86 0.74 

Mrs. Lopez’s Dining Room Floor  0.61 0.64 

6th Grade 123   

Tito and Luis Eat Pizza  1.54 0.76 

Bake Sale Banner  1.22 0.92 

7th Grade 249   

Scratching Spots  1.36 0.55 

Fencing a Yard  1.31 0.50 

8th Grade 191   

DVD Rental  1.64 0.64 

Carnival Spinner  2.06 0.68 
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project (i.e., Cohort 1 teachers were halfway through the Institute while Cohort 2 had just begun 

in Summer 2005).  Meaningful teacher change is a slow and arduous process.  Ability to make 

and see change in student achievement may take even longer and be even more difficult.  We do 

not know yet. 

 Looking more specifically at the results, some patterns as well as discontinuities are 

noted and new questions are raised.  For example, at the 5th grade level, there is a relatively large 

discrepancy in students’ performance on the two different problems.  Students’ rubric scores are 

three times higher on Fun with Fractions Problem than the Dining Room Problem, while the 

Dining Room Problem stands out as a task which prompted very low performance in comparison 

to performance at all other grade levels on any other task.  This leads to questions about the 

Dining Room Problem.  Are there ways it is different than the other problems?  Does it demand 

something different of students than other problems?   Why were students so unsuccessful with 

it?  Some insights about the Dining Room Problem will be discussed later. 

 The sixth graders seemed to do comparable on their two problems.  The difference in 

standard deviation was greater between the two sixth grade problems than any other pairs of 

problems.  Were there reasons related to how the problems may have been interpreted that could 

have led to this result?  The seventh graders performed low on each problem and nothing is 

notable when looking at performance across or within students’ performance on the problems.  

The eighth graders did equally well on both of their  problems.  The performance on the Carnival 

Spinner problem stands out as high among all of the others.  Is there something about the nature 

of the problem that may have helped to prompt a better performance by students?  Some insights 

about the Carnival Spinner problem will be discussed later in the paper as well. 
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 This was our initial effort to create and administer a vehicle for better understanding what 

students are learning in their work with teachers who are experiencing The Math in the Middle 

Institute Partnership.  From a statistical perspective, there are weaknesses in the validity and 

reliability of the assessment instrument.  For example, we had no way of checking whether the 

eight problems were comparable in terms of what they demanded of students in terms of 

mathematical habits of mind or whether the two problems at a grade level were substantively 

equivalent.  We also had no external validity regarding the mathematical quality of the problems, 

themselves, other than the fact that we borrowed them from reform middle level curricula.  We 

did put in place procedures to ensure internal reliability in scoring the rubrics in that we held 

training sessions for graders and they had opportunities to discuss their scores, in the case of 

major discrepancies in the scoring process.  However, in the end of the quantitative analysis 

there is a rubric score but little detailed information about what the mathematical work of 

students of Math in the Middle teachers is like.  Analyzing the same data from a qualitative 

perspective offers additional information. 

Preliminary Results from Qualitative Coding 

 Several questions guided the qualitative analysis of students’ responses to the assessment 

problems.  What kind of variation exits in student responses across solutions and justifications 

relative to the construct of mathematical habits of mind?  What is the nature of students’ 

responses to each of the assessment problems?  A long list of features found in students’ 

solutions for each problem at each grade level resulted from of an initial analysis (see the 

headings of the columns in the charts found in Appendix F).  

 In addition to the problem specific descriptive categories found in the charts in Appendix 

F, we recognized the need for slightly more general codes indicating themes within and across 
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single pieces of students’ work relative to the construct of mathematical habits of mind.  We 

chose to focus on several of the NCTM (2000) process standards as a frame, namely 

representation, communication, and reasoning and proof.  These emerged as broader categories 

from the lists of features found in solutions and align well with goals for middle level students,  

the construct of mathematical habits of mind, and ways of doing mathematics stemming from a 

disciplinary perspective (Lampert, 1990).    

 In preparation for a second look at the students’ solutions, we asked the following 

questions: 

• How are students using representation and what is the variation of representation within 

students’ solutions for a single problem? 

• How are students explaining solutions and what are the different kinds of explanations 

offered? 

• How are students communicating mathematical ideas? 

• When looking at the representations, explanations, and other work students do on a 

problem (e.g., calculations, diagrams, crossed out work), what is the nature of students’ 

reasoning and is their reasoning mathematically sound? 

We also attempted to add a layer of generalization to our categories and asked, to what degree 

are mathematical habits of mind being displayed by students?  While we tried to approximate 

some evaluation of this at the time of the analysis, which will be discussed later in the results 

section, the more we work with the construct of mathematical habits of mind, the less directly 

applicable to the mathematical practices of middle level students it seems.  Examining students’ 

work in relationship to the NCTM (2000) process standards, specifically in light of 

representation, communication and reasoning proof, seems a justifiable and appropriate way to 
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translate the construct of mathematical habits of mind into a way of looking at middle students’ 

work.  In looking at students’ work, while we saw a wide variety of types of work on problems, 

in selecting problems to illustrate our findings, generally we sought best case scenarios in terms 

of rich solutions and justifications and looked at the variation among them.  Selecting the work 

we choose to highlight here, required several layers of sifting and sorting. 

Fun with Fractions Solutions 

 The student work in Figure 1 comes from two different fifth graders’ work on the 

problem, Fun with Fractions.  The student work illustrates some of the strengths we are seeing in 

students’ ability to represent and communicate mathematical reasoning.  The students’ responses 

to Part A of the problem nicely illustrate use of representation and written communication.  

Student 508-A-16 uses representation as evidence of the portion of the square being equal to .  

She divides the square into four equal parts and shows that the shaded part is, indeed, .  As she 

notes, “just look at the chart,” is a somewhat weak but accurate written explanation.  Student 

506-A-15 does no actual drawing on the square representation.  Rather, the student 

communicates through words how to use the representation to reason that the shaded area is .   

On Part B, student 508-A-16 uses a representation as proof of her solution.  “See” with an arrow 

are her justification.  Student 506-A-15 creates a representation to illustrate a solution and 

provide justification.  Unfortunately, we do not know the order in which this student added 

things to the paper.  We wonder if he or she saw first drew the picture, added the written 

explanation, saw the fragility of argument and the lack of mathematical soundness in “if you 

draw a picture there’s more” and added equivalent fractions for  and 5/6, thereby, offering 

further evidence of the fractions’ equivalence.  Both students use representation and written 

language in tandem to support reasoning.  
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Figure 1, 5th Grade: Fun with Fractions (508-A-16 & 506-A-15) 
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Tito and Luis Eat Pizza Solutions 
 
 As one examines the best of the samples of sixth grade students’ work on the Tito and 

Luis pizza problem in Figure 2, one can see students using multiple  as well as written 

explanations to communicate a solution.  Notice that in the wording of part A of the problem, 

students were asked to solve the problem in two different ways.  While one sees multiple 

solutions here in the best of the work, we also saw it in the work of students with the weakest 

solutions.  Students did what they were asked to do and made every effort to offer two different 

ways of solving the problem.  Students were also asked to explain their reasoning.   Student 602-

A-14 explains why he or she divided the circle into 8 pieces, “pizzas usually have 8 pieces,” and 

in doing so reminds us that the work is that of a middle school student not a mathematician and 

sometimes reasoning is based real world experiences and not from the soundness of a 

mathematical idea.   In this case, the student was lucky; pizzas are often cut into eight pieces and 

eight is a mathematically convenient size for a denominator when working with fractions with 

the denominators of 2, 4 and 8.  Student 602-A-15 offers a fairly sound reasoning to back his or 

her solution.  Though, it is not flawless. The student’s repeated use of pie graph as a way of 

referring to the circles he divided into pieces to represent Tito’s and Luis’ three pizzas raises 

questions about what this student understands about “pie graphs.” 
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Figure 2 
6th Grade: Tito & Luis (602-A-14 & 602-A-15) 
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Scratching Spots Solutions 
 
 The Scratching Spots problem provides an example of a problem that allows students to 

create and use multiple representations. The work in Figure 3 shows seven different ways that 

students chose to represent the combinations of scratching off spots. Some students drew each 

game card whereas others just made a listing. Students chose to use numbers, letters, arches, line 

segments, or even filled-in circles to depict the ways that two golden spots could be scratched off 

a card with five spots. The multiple representations afforded by this problem allow students to be 

flexible in their thinking as they create solutions. This problem serves as an example of what is 

possible as one tries to use a problem to prompt multiple representations. 
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Figure 3 
7th Grade:  Scratching Spots (Various student examples) 
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Looking Across Problems 

 Seeing strengths and limitations of students’ performance within and across the various 

assessment problems prompted us to ask questions of the problems themselves.  How do the 

strengths and limitations we see in mathematical understanding as represented by students’ work 

on particular problems relate to the kinds of opportunities particular problems afford students to 

represent and communicate their reasoning?  When choosing the problems for assessment, we 

thought the problems were all “strong” problems.  Seeing students’ work on the problems helps 

us to better see the strengths of particular problems.  

  Based on the characteristics of the strongest work on each problem, we made a list of 

what students did with the problem in terms of representation and communication.  We then 

examined each problem and asked, what are the features of problems that seemed to have led to 

strong and notable student work (based on the analysis guided by the charts in Appendix F)?  

Looking at the problems that seemed to prompt the richest student responses, in light of the 

student work produced by them, we saw the problems and features of them in new ways.   

Similarly, we had new clarity when we looked at the students’ solutions and problems and saw 

limitations.  Based on these observations, we compiled features of “stronger” and “weaker” 

problems. 

Features of a “Stronger” Problem Limitations of a “Weaker” Problems 
• Allows for multiple representation 
• Allows for creative reasoning and proof 
• Allows for creative reasoning and proof 
• Requires written communication 
• Requires less reading 
• Little role for student opinion 
• Less focus on computation 
• Separate parts of the problem are linked 
• Plenty of space to work 

• Limited need for representation 
• Limited opportunity for creative reasoning 

and proof 
• Limited opportunity for flexible reasoning 

and proof 
• Straight forward problem 
• Some aspects may not be accessible given 

the grade level 
• Greater focus on computation 

     5th: Fun with Fractions; 6th: Tito and Luis;  
     7th: Scratching Spots; 8th: Carnival Spinner 

     5th: Dining Room Floor; 6th: Bake Sale Banner;  
     7th: Fencing a Yard 
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 The DVD problem stood out as a problem of a special case with strengths as well as 

limitations.  This is the only problem requiring the students to organize work on a separate  

Special Considerations for the DVD Problem (8th Grade) 
• No space to work (students are instructed to work on the back) 
• Requires a higher reading ability 
• Students must interpret representations rather than create representations 
• Advice can turn into student opinion 

 
page (see DVD Rental in Appendix C). The first page of the problem is filled with writing. 

Students must navigate their way through the problem, including two rental plans, and a two-part 

question. Students with a lower reading ability or comprehension level will likely struggle. 

Students are not likely to create their own representation. Rather, they are expected to interpret 

the representations that are given in the problem. Student 809-A-09 (Figure G.2 in Appendix G) 

was able to translate the graph into a table. However, this was an exception as only a couple of 

students chose to translate one representation into another. As is shown with three of the four 

student examples in Appendix G, writing becomes the focus of the student work.  Students are 

also encouraged to give their advice. Giving advice moves the discussion away from 

mathematical reasoning and proof to personal preferences as can be seen in the following two 

examples: “Don’t get the membership because the company or salesmen could give you the 

wrong deal” and “I would probably say don’t buy it.” 

 We took another look across the problems as we considered the students’ solutions.  Out 

of this looking came Table 4 , a summary of the kinds of opportunities afforded students relative 

to the development of representation, communication, and reasoning and proof. 
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  Inaccessible—given the                                                         Accessible—given the 
          grade level                                                                               grade level 

5th: Dining Room Floor 8th: DVD Rental 5th: Fun w/ Fractions 
6th: Tito and Luis 
6th: Bake Sale Banner 
7th: Fencing a Yard 
7th: Scratching Spots 
8th: Carnival Spinner 

  Does not afford students                                                           Affords students 
    opportunities to show                                                         opportunities to show 
              thinking                                                                                 thinking 

5th: Dining Room Floor 
7th: Fencing a Yard 

 5th: Fun w/ Fractions 
6th: Tito and Luis 
6th: Bake Sale Banner 
7th: Scratching Spots 
8th: Carnival Spinner 
8th: DVD Rental 

       Does not prompt                                                                  Prompts creative 
       creative thinking                                                                         thinking 

5th: Dining Room Floor 
6th: Bake Sale Banner 
7th: Fencing a Yard  

6th: Tito and Luis 
8th: DVD Rental 

5th: Fun w/ Fractions 
7th: Scratching Spots 
8th: Carnival Spinner 

        Limited written                                                                    Extensive written 
 communication required                                                      communication needed 

7th: Fencing a Yard 
 

5th: Dining Room Floor 
6th: Tito and Luis 
6th: Bake Sale Banner 
 

5th: Fun w/ Fractions 
7th: Scratching Spots 
8th: Carnival Spinner 
8th: DVD Rental  

    Limited opportunity                        Single                                   Multiple 
      for representation                    representation                      representations 
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8th: DVD Rental 5th: Dining Room Floor 
6th: Bake Sale Banner 
7th: Fencing a Yard  
 

5th: Fun w/ Fractions 
6th: Tito and Luis 
7th: Scratching Spots 
8th: Carnival Spinner 

  

Table 4 
Strengths and Limitations of Alternative Assessment Problems 

 

 A final analysis we did of the problems attempted to couple the two different kinds of 

analyses we did of the students’ solutions, the rubric scoring and the coding analysis.  In Table 5, 

the left hand side bar of each bar graph represents the rubric score for each problem’s solutions 
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found in Table 3.  The right hand  side represents the sum of the exemplary and satisfactory 

codes  out of the total number of students assessed at that grade level under the broadest category 

of mathematical habits of mind. From this representation, we will discuss three problems and the 

kinds of solutions they generated:  Dining Room, Carnival Spinner and Fencing the Yard.  We 

looked closely at the Dining Room Problem and solutions because of the poor performance 

found by both the rubric scoring and coding.  We examine the Carnival Spinner Problem and 

solutions  because of the high performance found from both analyses.  And finally, we discuss 

the Fencing the Yard Problem and solutions in light of the fact that our analyses resulted in an 

overall somewhat higher perspective on performance than the rubric scoring.  
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Table 2 
Multiple Analyses of Student Performance on Alternative Assessment Problems 

 

  

5th Grade: Fun w/ Fractions 

 

  

5th Grade: Dining Room Floor 

 
   

6th Grade: Bake Sale Banner 

 

   

6th Grade: Tito & Luis 

 
  

7th Grade: Scratching Spots 

 

  

7th Grade: Fencing a Yard 

 
   

8th Grade: Carnival Spinner 

 

  

8th Grade: DVD Rental 

 
 

Key          Rubric     scores  3               Qualitative     scores include exemplary and satisfactory 
                Rubric     scores < 3               Qualitative     scores include all others 
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Dining Room Floor Problem and Solutions 
 
 The Dining Room Floor Problem was inaccessible to most 5th grade students. Referring 

to the work in Figure 4, each student struggled to draw a diagram of a 12 by 21 rectangle. The 

work in Figure 5 depicts each students’ abstract attempt to conceptualize the figure.  During the 

coding process, we noticed that the vast majority of students were unable to view this problem 

abstractly and many times chose to perform a few operations with the number (e.g., 21x12x6 or 

21+12+6). In addition, students needed to convert units in order to determine the number of tiles 

in a foot (e.g., 505-B-02) or inches in 12 feet and 21 feet respectively (e.g., 508-B-14 and 505-B-

01). This additional task was a difficult one for students. As an example, the 508-B-19 student 

was able to determine the area but only accounted for one of the two dimensional conversions. 

Carnival Spinner Problem and Solutions  
 
 While at first glance, the Carnival Spinner Problem (see Appendix C) may lead one to 

believe there is one main way to solve the problem.  One might assume that students will likely 

convert percent to decimal, multiply decimal by 360 degrees, and then use a protractor to mark 

the appropriate spinner divisions. However, this problem is a good example of one that led to 

surprising results.  Some problems may seem to be good habits of mind problems and other do 

not, but until we actually look at the student solutions we do not know for certain.  Looking at 

work from student 812-B-09 (Appendix H), the student used a proportion to find that 3.6 degrees 

make up each percent. Students 806-B-20 and 805-B-24 both divided the circle into quadrants 

first but then took different paths to the correct solution. Student 806-B-20 eventually used the 

expected method, but wrote, “It took me a couple of tries, but I got a formula to turn % into 

degrees.” Student 802-B-07 recognized that 30% and 20% constituted half of the circle.  This 

student continued down the path of using creative and flexible reasoning & proof to get to the 
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correct solution. This problem is a good example of why we need to look at student solutions 

before judging the degree to which a particular problem prompts the use of mathematical habits 

of mind. 

Fencing the Yard Problem and Solutions 
 
 Multiple analyses of student performance on the Fencing a Yard Problem (see Table 5) 

led to an interesting observation. The Fencing a Yard Problem was the only problem that led to a 

higher qualitative score than rubric score. Taking a closer look at the problem as well as the 

student solutions (See Appendix I) led to a couple of observations. First, the only representation 

required of students was placing fence posts and a gate on the given rectangle. Given the nature 

of this task, there is only one way to do this. Second, students must determine the subtotal cost of 

posts, wire, and gate. Again, there is only one way to do this. This step is mainly computational. 

Third, students must determine the tax. There are few ways to interpret this step. Finally, 

students can determine the correct solution without using any written communication. During the 

coding of student work (see Appendix F), it was determined that merely following the including 

the main steps (i.e., sketching posts and a gate, including posts, fence, and gate in the subtotal, 

and finding tax) constituted success in this problem. During the rubric analysis (see Appendix 

D), however, students merely following the steps would not lead to a score of 3 or higher. 

Rather, students were required to demonstrate strong computational skills. With so many 

opportunities to make computational errors in addition to conceptual errors (i.e., dividing by 7 to 

find tax), few students produced solutions that received a 3 or 4 rubric score. 
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Figure 4 
5th Grade: Dining Room Floor (505-B-02 & 508-B-14) 
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Figure 5 
5th Grade: Dining Room Floor (508-B-19 & 505-B-01) 
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Conclusions and Implications 
 
 This study of students’ responses to the alternative assessment and the problems 

themselves offers us new direction for the Math in the Middle Institute Partnership in terms of 

the professional development we offer teachers, the ways in which we help teachers translate 

their learning in the Institute into classroom practice, what we, as researchers, and what Math in 

the Middle teachers pose as mathematical tasks, and how we evaluate and interpret students’ 

performances on these tasks.  It also leads us to contemplate further the construct of 

mathematical habits of mind.    We are left with questions that help to move along our inquiry 

with regard to how to best facilitate an impact of professional development on student learning 

and how best to capture what is happening with students’ mathematical understanding as part of 

the research agenda.     

 We conclude with three sets of recommendations for the players of Math in the Middle:  

classroom teachers, instructors of Math in the Middle courses, and the projects’ researchers, 

ourselves.  For teachers, we compiled recommendations for classroom practice from our 

analyses: 

•  Give students opportunities to engage in solving the “stronger” alternative assessment 

 type problems on a frequent basis; 

• Allow students to work in small groups as they do problem solving; 

• Following time for students to work in small groups, assume the role of facilitator and 

conduct a whole class discussion focused on students’ different strategies, 

representations, and methods of proof used to solve the problems; 

• Redirect students who give non-mathematical opinions or advice as their main 

mathematical reasoning and proof; 
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• Provide multiple opportunities for students to communicate in writing the solutions to 

“stronger” alternative assessment type problems. 

For Math in the Middle instructors who help Institute participants to develop and transfer the 

notion of mathematical habits of mind learning to middle level classroom instruction, we offer 

the following recommendations: 

• Use findings from this study to better answer the question, “What constitutes a habit of 

mind problem?” 

• Reclassify past habits of mind problems in light of the answer to the question; 

• Require participants to complete the habits of mind problem assigned for each module in 

math courses and offer feedback; 

• Provide participants a non-exhaustive list of “stronger” alternative assessment type 

problems to use in their classrooms. 

For furthering the research agenda on the project, we offer the following recommendations: 

•  Continue to move back and between theoretical and empirical work to further define the 

construct of mathematical habits of mind; 

• Analyze the relationship between mathematical habits of mind and the NCTM (2000) 

process standards; 

• Do continued qualitative analysis of the student work generated by the Fall 2005 and 

Spring 2006 alternative assessment and do a comparative analysis of fall and spring data, 

looking for evidence of student development and growth; 

• Connect these and future analyses to other research studies of students mathematical 

understanding, specifically around the ideas of representation, communication, and 

reasoning and proof. 
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